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1. Introduction

Since the beginning of the century, numerous theoretical and experimental
studies on transients flow in piping systems have been investigated. From
practical and industrial points of view, the interest has been focused on the
prediction of the pressure fluctuations provoked by the so-called water-hammer
phenomenon in the name sufficiently suggestive of possible damage caused to
the pipelines and hydraulic components.

The circumstances where this pressure fluctuation appears are numerous,
following voluntary disturbances (rapid valve closure) or accidental
disturbances (sudden pump failure, pipelines rupture...).

Besides the history of the forced hydroelectric factory pipelines, which was
at the origin of the development of many computation methods, we also
mention, the water supply network, the irrigation pipeline systems, the
petroleum pipelines and the natural gas-piping systems.

For a long time the classical theory of the transient flow has considered only
single-phase flow of pure liquid, with constant compressibility, or highly
deformable gas. Moreover, the pipe is assumed to behave linearly elastically
with constant mechanical and geometrical properties and without inertia in
radial and axial directions.

In gas dynamics the elastic properties of the pipelines are usually neglected
and the acoustic velocity is a function of the pressure. For liquid, the elasticity
and geometric characteristics of the pipe wall are generally incorporated in the
pressure wave speed. The value of the wave speed, regarded as constant, is
hence reduced from its value in the liquid.

It is known however, that industrial liquid and particularly water contains a
small amount of free or dissolved gaseous phase. Consequently in many
circumstances, such as in nuclear and geothermal power plants, in petroleum
industries and in sewage pipelines, the two-phase transient flow involves fluid
mixtures of different states, liquid and gaseous. The mixture may already exist
in the steady state flow, as in sewage, or from the release of the gaseous phase
when the fluid pressure is reduced to the saturation pressure of the dissolved
gas.



It is well known[1,2] that the presence of small amounts of free gas in liquid Transient flow of

reduces considerably the pressure wave speed in the mixture from that in the
pure liquid itself. As the gas-liquid mixture is compressible the wave
propagation velocity varies with the pressure and the system of equations
describing the transient two-phase flow is non-linear. The study is then more
complex and difficult than in pure liquid flow. The complexity arises when
computing the wave front where some phenomena, e.g. the expansion waves
spreading, the compression waves steepening and the shock wave inception
may manifest([3].

Martin et al.[4,5] have developed a mathematical model constituting three
differential equations representing the two-phase transient flow. By question of
facility, finite difference Lax-Wendroff scheme was employed and preferred over
the method of characteristics. They concluded that, for greater void fraction as
in the slug flow the pressure surges may be adequately predicted by the
homogeneous model.

Chaudry et al.[6] treated the gas liquid mixture as a pseudo-fluid when the
void fraction was small. They used two second order explicit finite difference
techniques coupled with the characteristic equations at the pipe boundaries.
The problem of the shock wave simulation has not been examined.

An interesting study on propagation of pressure waves in vapour-liquid
mixtures has been investigated by Mori et al.[7]. They have examined the pipe’s
elasticity effect on the velocity propagation of the pressure waves by
considering void fraction change in relation to the pressure rise. The analytical
results are compared to experimental data of shock waves in vertical tube.

Most of the above-mentioned investigations have modelled the homogeneous
two-phase transient flow by using the void fraction which varies with the
pressure.

In this study we re-examine this problem and present simplified and reliable
mathematical models for describing transient in homogeneous two-phase flow
by taking into account the pipe elasticity effect on the pressure wave
propagation, whatever the quantity of free gas may be. Instead of the void
fraction, the developed models use the gas-fluid mass ratio, or the quality as
called by Pascal[8]. The quality is assumed to be constant and not dependent on
the pressure. This assumption has the advantage that it reduces the number of
the equation formulations and, later on, facilitates the numerical resolution. A
conservative finite difference scheme is used in computational pressure
evolution at different equidistant sections of the pipe. First we deal with the so-
called rigid model where the pipe elasticity and the liquid compressibility are
neglected. Some hypothetical examples are analysed to give judgement on the
validity of this model and the limits of its applications. By including the liquid
compressibility and the pipe elasticity the quasi-rigid model is developed. The
numerical results obtained by the quasi-rigid model are compared with
experimental results obtained in a laboratory:.
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HFF 2. Assumption
8.3 In addition to the habitual assumptions of plane flow, the following hypothesis
should also be stated:

e The flow is supposed to be one dimensional.

e The wall shear stress is defined by the steady-state Darcy-Weisbach
352 formula depending on the friction factor (Evangelesti et al.[9]).

» Theslip velocity of gas bubbles relative to the liquid velocity is neglected
(Kranenburg[10]). So the number of bubbles per unit fluid volume may
be assumed to be constant and then the quality may also be considered
as constant.

e The mixture is assumed to be made of small gas bubbles uniformly
distributed in the liquid.

3. Mathematical formulation

3.1 Pipe elastic behaviour

The pipe conveying fluid at the pressure p, is assumed to be cylindrical of
circular cross section A and pipe wall thickness e. In the case of quasi-rigid
pipes (metal, concrete ...), where the deformations are small, the elastic pipe
wall behaviour is given by the well known simplified relationship

dA 2¢c
il S (1)
AVA  Eedn v
We may express the pipe section area in terms of the average absolute pressure,
ie.
-2
Dyc )
A=A (f -—p- 2
0 > Fe (7~ po) (2)

where E is Young’s modulus for the pipe material, ¢ is the pipe constraint factor
and D is the circle pipe diameter such as D = v2 A/Tt 0 is a subscript referring
to the initial conditions.

When the effect of the pipe elasticity may be neglected as in the case of the
perfectly rigid pipes (E = ) the equation (2) is simplified to:

A=Ay = Cee (3)

3.2 Two-phase mixture density
The fluid mixture is made of liquid containing gas bubbles uniformly
distributed and with evolution assumed to be polytropic:

P _Po_p 4)

H n
Pg Py,



If M =M, + M, is the total mass of the fluid element with total volume 0 = 9, Transient flow of

+ag, then the density of the mixed fluid, p may be defined by

1 &_33+9"_Mg 93 +ﬂ& (5)
o M M M M, M M,

By noting 6 = %g the gas-fluid mass ratio or the quality, p may be expressed in
terms of the two components densities as follows:

1 6 1-6
D ®
P Pg Pi

By using the bulk liquid modulus of elasticity K defined by:

p; dp  K;

the liquid density may p, be written:

- po)/K
pI =pzoe(p Po)/k (8)

and it follows from (4) and (6) that

. -1
n ,
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If the liquid is considered incompressible, i.e. K, = oo, equation (9) becomes:
. -1
Iin
p= L {&) L1-9 (10)
Pg, \ P P,

3.3 Motion equations

The equations which describe transient one-dimensional flow can be adapted
from the analytical model developed by Streeter and Wylie[11]. Applying the
law of conservation of mass and momentum, to an element of fluid between two
sections x and x + dx of the pipe, yields the following equations of continuity
and motion:

dpA | opdV _

0 11
ot Ox (1)
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where V is the fluid velocity, | the slope of the pipe, A is the coefficient of friction,
t is the time and x is the distance along the pipe.

The continuity equation (11) is in the so-called conservative form. Equation
of motion (12) can also be formulated in such form, that is:

ot ox

v, afr
2

T p)} - gl - (13)

where G(p) = [ dp/p.

3.4 Rigid model

Here the liquid compressibility and the pipe elasticity are neglected against the
gas compressibility. Using pipe section area and fluid density expressions (3)
and (10), we have:

Iin
n 0 1-6
G(p) = [n_—l — (p_o} - L"—)]P (14)
Pgo 14 p.fo
and
Iin -1

A=Ay =Cte and p = i[P_o) +ﬂ (15)
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3.5 Quasi-rigid model

By taking into account the pipe elasticity and liquid compressibility, the cross
section area A is expressed by equation (2) and the fluid density by equation (9).
The quasi rigid model is governed by equations (11) and (13) where:

Iin :

0 " K (1-8) (g - p)/

6(p) = 2 p( Pu) _K(1-9) (po - p)/K (16)
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and

-2 lin . -1

D ? - _ i

A= Ao[l - 2p- po)) and p = i[&] L128 (po- 2K (1)
2Ee Pey P Py



4. Numerical solution Transient flow of
The continuity and motion equations (11) and (13) constitute a non-linear gas-liquid
hyperbolic system which could in principle be solved using the method of mixtures
integration along characteristics[4]. However this method presents considerable

difficulties because of the change of the wave celerity with pressure. For

extreme pressure fluctuations shock waves may be formed by the steepening of 355
compression waves.

Written in a conservation form the system of continuity and motion
equations (11) and (13) can be solved by the two-step finite difference S¢
scheme. This method is preferred over the characteristics method for many
reasons[12].

First, the equations of continuity and motion formulated in conservation
form are arranged in function of the two dependent variables V and p as
follows:

OF(p) , 9F (p¥) o

ot ox
oV OFR(pV
¥, 3§f ) _ Fa(n.V) (18)
where
F(p) = p(p)A(p) F(pV) = R(py

F(pV)=V22+G(p) Fa(p.¥)= gl - (MAW/ AW V| (19)

Over the entire (x, t) diagram, a grid is superimposed, the meshes of which have
generally constant sizes (Ax, At), see Figure 1. Following the techniques
described by Richtmeyer and Morton[13] and Peyret and Taylor[14], the two-
step S% scheme used on conservative equation (18) is as follows:

BAx BAx
k+1 1
| |
k+a | { } _____ %& _____ N
| | ab t
k @ \ \ -
i-1 -1+ i i+B i+1 Figure 1.
Key Finite differences

scheme
O prediction @ correction
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First step of prediction (instant (k + a)At):
()" = 0= BXR); +B (R)Y,, - aol(), - (), ']
( );k:[-sa "(1 ﬁXV) +B(V)1+l aa[(Ff’)Hl (F3) ] F4)t+l+(F4) ] 20)

Second step of correction (instant (k + 1)At):
(#) " = (®)] - %[(“ - B)Ey + (28 - R)S +(1-a- BYR)E
HER)G - (Fz)f:sa-l]
DN =) = o [l BB + 28 - ) + (1o - B
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In these equations ¢ = At/Ax is the grid-mesh ratio and a, B two parameters of
values generally satisfying the conditions 0 < a, B < 1. The S% schemeis a
three points explicit method accuracy. It can be shown that the requirement
condition for stability is:

s < 1/(¥]+<C) (22)
where C is the pressure wave celerity given by[15]:
2 AR
op A op

In the case of rigid wall conduit, the wave celerity C is simplified and has the
following expression represented in Figure 2.

¢ = (p/ap) ™ = (anu/Pgn)w(p/Po)("_l)/ 2"[1 +(1-9)pg, /6py, (P/Pﬂ)lf”] (24)

If the liquid compressibility and pipe wall elasticity are introduced, the celerity
equation (23) can be written in the following way:

o, 26,4 /7 (eE) —
P 73 L+ [C‘JAO—“ el_".}](po P) l: ( (p:,apo)l,-'n) +({1- a}l,'fllll[ljfne([P_PD).f"KI)]:l (25)

where;

[e /(Pg., (p/Po)un) +{1- e)/(% e(P-Po]/ K ]]2

9/1("Pg0 ple/po )Un ) +{1- 91{/;{( Kipy, e(P— Po)/ K )

In this case, the wave celerity is shown in Figure 3 (E = 2.101) and in Figure 4
(6 = 1079) as a function of the absolute pressure. Other data are the following:

C{%:Qfl:
op

(26)
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Computations carried out with the two-step S% scheme showed that it yields
satisfactory results. The oscillations in the front of the shock wave produced by
extremely transient pressure fluctuations may be suppressed by increasing the
value of ¢ just to the limit of the stability condition (22). Equation (21) of the
numerical scheme described herein gives directly the value of the velocity V|K+1.
Iterative method, such as the Newton-Raphson technique[16], is used to

compute the pressure p}‘*l from the calculated value of [F1(p)] }“1
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Figure 2.
Pressure wave celerity
in rigid pipes

Figure 3.
Pressure wave celerity
in quasi-rigid pipes
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Figure 4.
Pressure wave celerity
in quasi-rigid pipes
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By using the relation (23), the following iterative formula is obtained:

(o), = 5

1), =) ) ), - " ) e

which indicates that the wave speed takes place directly in the numerical
scheme.

The values of the hydraulic parameters at time corresponding to k = 0, are
given by the initial steady state conditions.

k
r

5. Computations and results

5.1 Rigid model applications

Example 1. Consider the hypothetical hydraulic system shown by Figure 5. The
pipeline is of a length L = 20,000 m, a diameter D, = 2m, a pipe wall thickness
€, = 2cm, an elasticity Young Modulus E, = 2.1011 Pa and a constraint factor ¢
= 0.9. The fluid properties are: pj; = 1,000 Kg/my, py = 10°Pa, Pg, =129 Kg/m3,
n=14K= 2.10° Pa. The head pressure at the pump is H, = 100 m, the initial
flow rate is Q, = 7,30 m3/s and the friction factor is A = 0.025.



Initial conditions. The steady state conditions (p, (x), V,(x)) can be Transient flow of

determined by computing the solution of the following system of ordinary
differential equations:

dFy (pV)fdx =0  and  dF3(p.V)jdx = F4(p.V) (29)
with the values for x = 0:
Po(0) = p(po(0))gHo + po and V,(0) = 40y / (“D(% ) (30)

The desired solution may be obtained by the Runge Kutta method[16]. The
results are presented in Figure 6.

Boundary conditions. Transient flow is provoked by a rapid pump failure at
x =0, that is for t > 0: V(0, t) = 0. At the downstream end, x = L and t > 0, the
condition is given by the reservoir at fixed level: p(L, t) = pO(L).
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Figure 5.
Hydraulic system

Figure 6.
Steady state conditions
fore=10"
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Results and discussion. The S% method was employed permitted to simulate
correctly the pressure wave propagation. The pipe was divided into N
equidistant sections in the x directions. The values of the hydraulic parameters
at the pipe boundaries were simulated in the model without using characteristic
equations but deduced directly from the numerical scheme equations (20,21).

The numerical results obtained for rigid model are shown in Figures 7-9. The
respective used values of the quality are 8 =10",6=5.10"°06=10"°06=5.10"5,
and 8 =105, Figure 7 shows, for 8 =105, 8 =5.10° and 8 = 10~°, the computed
pressure curves at some cross sections of the pipe (x = 0, x = L/4, x = L/2,
x = 3L/4) obtained by the scheme S} with N = 120 and At = L/[N*(V,(0)
+ C(py(0)))]. It illustrates the phenomenon we are dealing with in the case of
rigid pipe (E = ). After the sudden pump failure, a negative pressure wave
travels along the steady state pressure gradient until it reaches the downstream
end of the pipe. A region of depression is developed for some time depending on
the value of 8. The positive reflected pressure wave travelling from the ends of
the pipe causes a pressure rise. The pressure rise propagates in both directions
and is reflected at the ends. The process repeats itself until the waves have
dumped at the final steady state pressure.

In Figure 7, it is possible to see that the presence of a relatively great quantity
of free gas smoothes the initial reflected suppression which nevertheless
reaches the initial steady state pressure. This can be explained by the fact that
for great values of 6, the fluid mixture becomes more compressible, which
increases its capacity to absorb the pressure surges.

Figures 8 and 9 indicate that the velocity of the reflected compression wave
at the upstream end was much larger compared with that of the incident wave,
and the amplitude pressure after reflection was much larger compared with that
before the reflected wave. It can also be noted that the obtained pressure
amplitude and frequency evolve against the quality. The peak of the initial
reflected pressure becomes very important for the low values of the quality;
8=107°(Figure 7),0 =5.10% (Figure 8), and 8 = 10-8 (Figure 9). For the last two
cases different values of the time increment At are used in computational
pressure evolution (see Table I).

As pointed by Wiggert and Sundquist[17] it is difficult to cope numerically
with a medium in which the wave speed is highly variable (see Figure 2). With
the non constant time increment, the finite differences scheme has no fixed grid
and the first pressure peaks (11MPa for 8 =105, and 2.3MPa for 8 =5.1079) are
captured with high accuracy.

It can be noted, however, that for these low values of the quality, the
exactitude of the numerical results is considerably deteriorated. Indeed, the
pressure amplitudes, which are very accentuated, are physically unreasonable
and in contradiction with the classical water-hammer theory. This causes
invalidation of the rigid model, that is, the assumption of rigid pipe and
incompressible liquid should in no case be used for two-phase-flow with
relatively low values of 6.
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Figure 7.
Pressure curves for
different values of 6

Figure 8.
Pressure curves for
=510
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Figure 9.
Pressure curves for
0=10"

Table I.
Different values of the
time increment
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Figure 10.
Gas dynamic system

To verify the limits of the validity of the rigid model and the numerical scheme
presented in the previous sections, two particular values of the mass
concentration, 6 =1 and 6 =0, have been examined.

Example 2. We have considered the example studied by Esfandiari[18],
concerning the dynamic of gas in a tube. The tube is closed at the upstream end
and initially obtured by a diaphragm at the downstream end (see Figure 10).
The dimensions of the tube are L = 1.515m and D = 25cm. Initially the tube
contains air at the pressure p, (x) = 1.23105Pa and the velocity V,(x) =0m/s. The

Air at rest

diaphragm




transient flow is produced by sudden rupture of the diaphragm at the extremity Transient flow of

x = L. So the boundaries conditions are given by:

{p(L,r) - 10% Pa

V{0.t)=0

For the value of 8 = 1 we have superposed in Figure 11 the pressure curves at
x =0, obtained by the rigid model based on the S%) scheme and by the dynamic
gas model computed by the characteristics method[18]. The agreement is
satisfactory.

Example 3. Experimental validation has also been conducted by examining the
classical water-hammer problem, corresponding to 8 =0 (pure liquid), in a
copper horizontal pipe connected at the upstream end to a constant level
reservoir. The transient flow is generated by a quick closing solenoid valve
situated at the downstream end of the pipe (see Figure 12). Additional data not
included in Figure 12 are: L = 35.7m, D, = 0.0196m, E = 0.910! Pa, e = 0.001m,
¢ =0.9 p,(0) = 0.263MPa, Q, = 0.000031 m%/s.

The experimental results of the pressure surges are presented in Figure 13
and compared to the computed pressure obtained by the rigid model with
8 =10-". The comparison indicates discrepancy between the numerical results
and the experiment measurements. The unrealistic pressure spikes in the
experimental curve are due to the recording system and the employed
transducer’s pressure.
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Figure 11.

Pressure evolution at
the upstream end of the
tube

Figure 12.

Single pipeline with
valve at the
downstream end
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Figure 13.

Pressure evolution at
the downstream end of
the pipe

Figure 14.
Pressure evolution
obtained by the
quasi-rigid model
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The finding is in accord with physical reasoning: in fact one would expect that
the mixtures with smaller quality exhibit greater stiffness and therefore greater
celerity, than the mixtures with greater quality.

We can conclude that the rigid model is reasonably accurate as far as the
quality is important, but is incapable to investigate a two-phase transient with
very low values of quality.

Quasi-rigid model applications
Experimental validation
To validate the concept of the quasi-rigid formulation, the previous
experimental results of the example 3 on water-hammer have been reviewed.
Figures 14 and 15 show the comparison with the numerical results from the
quasi-rigid model with different values of 8 and A. The values of the wave
celerity, are presented in Table II.

For the very low values of 6, especially for 8 = 0 (see Figure 15), the
numerical curves approach better the experimental pressure recording. For
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Figure 15.

Pressure evolution
obtained by the
quasi-rigid model with
6=0

Table II.

Values of the wave
celerity for different
values of 6

these values, the timing of the positive and negative pressure waves obtained
by the quasi-rigid model follows the experimental curve quite closely. However
the predicted damping is less than that measured. It can be said that the quasi-
rigid model produces results that compare better with the experiment than
those from the rigid model.

Numerical validation

In order to test numerically the validity of the quasi-rigid model, the hydraulic
system of the example one shown in Figure 5 has been reconsidered. The
numerical model formulated was used to predict the performance of the
pressure surges when taking into account the liquid compressibility and the
pipe wall elasticity. Figure 16 shows the simulation results for E = 2.10! Pa,
and for different values of the quality 8 =10~°, 8=5.10-% and 6 = 10-°. For
different values of Young modulus: E = 0.5101 Pa, E = 10" Pa and E = 2.101
Pa and for 8 = 1075, the pressure curves at the upstream end of the pipe are
plotted in Figure 17. These two figures indicate that the celerity and the
amplitude of the pressure waves decrease by increasing the pipe wall elasticity
or by increasing the fluid compressibility. It can be noted that, for example
when 8 = 1078, the peak of the pressure wave at the upstream end of the pipe is
reduced from 11 MPa when the rigid model is used to 1.8 MPa by using the
quasi-rigid model. The transient pressures are satisfactory when simulated by
the quasi-rigid model and the finite differences scheme presented herein.
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Figure 16.
Computed pressure
curves obtained by the
quasi-rigid model

Figure 17.
Computed pressure
curves obtained by the
quasi-rigid model
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For 8 = 1074, Figure 18 shows, the computed pressure evolution obtained in the
case of the example one by the rigid and the quasi-rigid models. In this case the
two pressure curves are disconcerted. Thus, for relatively great values of 6, the
pipe wall elasticity and the liquid compressibility are of minor importance in
front of the gas compressibility and the pressure fluctuations are accurately
predicted by the simplified rigid model.

6. Conclusion

Two mathematical models have been presented to treat the transient two-phase
flows in pipes, the rigid and the quasi-rigid models. They are based on the gas-
fluid mass ratio or the quality assumed to be constant. A numerical method has
been developed for the computation of the wave pressure propagation following
pump failure or valve closure. The rigid model, where the liquid compressibility
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and the pipe wall elasticity are neglected may be applied for relatively great
values of the quality. For the low values, the pressure amplitudes, computed by
the rigid model, with non constant time increment, are very exaggerated and
physically unreasonable and in contradiction with the classical water-hammer
theory. Including liquid compressibility and pipe wall elasticity in the theory
has no great influence in cases where the quality is important. Whereas the
influence is considerable in cases where the quality is relatively small or at the
limit near to zero. Measured pressure surges subsequent to rapid closure of a
downstream valve compare more favourably with numerical results obtained
by the quasi-rigid model than by the rigid model. The numerical results
obtained by the quasi-rigid model are reasonable and correspond to the reality
of the physical problem.
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